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GENERALIZED PYRAMIDAL FRACTURE
AND YIELD CRITERIA

B. PauL

Ingersoll-Rand Research Center, Princeton, New Jersey

Abstract—The generalized pyramidal failure criterion is shown to be a convenient criterion for describing the
state of stress under which isotropic materials will yield or undergo brittle fracture. The generality of the criterion
is useful for very complex materials, but it is believed that most materials can be adequately described by simple
variants of the general criterion. For example, it is shown that the hexagonal pyramid criterion, a special case
of the more general pyramidal criterion, is capable of describing a very broad range of material behavior through
the use of only three experimentally determined parameters. The application of the pyramidal criteria to real
materials is illustrated in a review of experimental results on brittle metals, concretes, natural rocks, granular
materials, and soils.

1. INTRODUCTION

MATERIAL behavior under time-independent, isothermal conditions can be classified as
ductile at one extreme and brittle at another extreme, while many materials can be made
to undergo a transition* from the ductile state to the brittle state or vice-versa. By definition,
all materials ‘‘in the ductile state” will undergo yielding before they ultimately fracture.
Those combinations of stress components which result in initial yielding of such materials
are defined by a yield criterion

flo;;C1,Cy,..)=0 (1.1)
where g;; (i = 1,2, 3) are stress components referred to an arbitrary cartesian coordinate
system x;, and C,, C,,... etc., are constants which presumably can be determined by

means of suitable experiments. Materials will be said to be in a “‘brittle state™ if fracture
takes place before any appreciable plastic flow occurs. For such materials an equation, of
the form (1.1), may exist which defines all those combinations of stress components which
will cause fracture; such an equation, if it exists, defines a fracture criterion.

Although initially ductile metals will usuallyt fracture if loading is continued beyond
initial yield (ductile fracture), there is no evidence available that an equation of type (1.1)
can be used to predict the final state of stress at which these metals will fracture. It is known
that the path of loading and the strain history play a large role in the ductile fracture process,
for the case of arbitrary (non-proportional) loading.

Thus, we see that it is certainly meaningful to seek yield criteria for materials in the
ductile state and fracture criteria for materials in the brittle state, but we should not expect

* It is known that the same material may be in the brittle or ductile state, depending upon such factors as
temperature, pressure, rate of loading, etc. Thus, strictly speaking we should speak of the ‘‘brittle state” or
“ductile state’” of materials, rather than of ‘“‘brittle materials” or “ductile materials™ {1, p. 207]. Nevertheless,
we shall, for the sake of brevity, occasionally use the latter designations whenever no confusion seems likely

to arise.
1 Virtually unlimited ductility has been observed in the presence of very high hydrostatic pressure fields.
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a universal failure criterion to simultaneously describe yielding, brittle fracture, and
ductile fracture.

Our present knowledge of initial yield criteria for isotropic ductile materials is quite
good, and fortunately these yield criteria are of a reasonably simple nature. However,
our state of knowledge on brittle materials (including ceramics, rocks, soils, and granular
media, as well as brittle metals) is relatively imperfect. Furthermore, the variety of ad-
missible fracture criteria for brittle materials would, on the surface, seem to be very much
greater and much more complex than the few simple criteria which govern yielding of
ductile materials.

In this paper we seek to show that most of the fracture criteria which have been proposed
over the past years can be viewed as special cases of a particular fracture criterion which
we will refer to as the generalized pyramidal failure criterion. Although it is our intention
to apply this generalized criterion mainly to fracture, we call it a failure criterion because
it can represent, with suitable accuracy, any equation of the form (1.1), whether it be
interpreted as a yield or fracture criterion.

Of course, unlimited generality, in itself, is not necessarily of great value. But, when it
turns out that the simplest variants of a very general criterion, can describe, with great
accuracy, an extremely wide class of experimental observations, then the simpler variants
of the general criterion become a valuable working tool. We will show that the simplest
variant of the generalized pyramidal criterion, which we refer to as the hexagonal pyramid
failure criterion, can correlate the greatest bulk of available experimental evidence on
brittle metals, rocks, and soils. Not only does the inherent simplicity of this three-parameter
piecewise-linear failure criterion make it mathematically attractive, but specialization of
the material parameters reduces the hexagonal pyramid criterion to the well known
Coulomb—-Mohr criterion which has already been demonstrated to have a wide (though
not unlimited) range of application for soils [2, 3], rocks [4], and other brittle materials [5].
Although some pertinent past work is described in these papers, more comprehensive
reviews will be found in standard works such as Nadai’s [1], and in a forthcoming chapter
by Paul [6].

In the next section, we briefly discuss the pressure-independent class of yield criteria
which are suitable for ductile metals, but are inadequate for brittle materials. In Section 3,
a generalized pressure-dependent criterion, called a pyramidal failure criterion, is described,
and a specialized case, the hexagonal pyramid criterion, is described in the next section.
In Section 5, it is shown that a great many of the yield and fracture criteria proposed in
the past are special cases of the pyramidal criterion. In the next Section, it is shown how
the pyramidal criterion correlates experimental results for brittle metals, granular materials
such as soils, concrete, and natural rocks. Conclusions are stated in Section 7.

2. FAILURE SURFACES FOR PRESSURE-INDEPENDENT MATERIALS
(YIELDING OF METALS)

Since any stress component o;; can be expressed in terms of the three principal stresses
0,,0,,03, and three angles which define the principal directions in physical space, the
failure criterion (1.1) can be expressed in terms of three principal stresses and three angles
rather than in terms of six stress components referred to an arbitrary coordinate system.
The directions of principal axes cannot influence the yielding of an isotropic material
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(this may be considered a definition of isotropy, if desired), therefore the criterion of failure
can be expressed in the form

f(6,,04.65;C,,Cy,...C,) = 0. 2.1)

Equation (2.1) may be thought of as the equation of a surface in a stress space with
cartesian coordinates ¢,,0d,,05; this surface is called the failure surface (sometimes
fracture surface, or yield surface, where applicable). It is easily shown [7, p. 17], that if the
failure criterion is independent of the presence, or absence, of an overall hydrostatic
pressure (or tension), then the failure surface must be a cylinder whose generators are all
parallel to the hydrostatic axis. The hydrostatic axis is hereby defined to be a straight line
through the origin in stress space, which makes the same angle « (cos « = J5; a = 54:8°)
with each coordinate axis. This type of failure surface will be called a pressure-independent
failure surface, and is characteristic of the yielding of ductile metals {1, 7], but is not charac-
teristic of fracture in brittle materials [2, 4, 5] and [8, p. 457].

Nevertheless, it is worth spending a moment to explore the possible shapes of pressure-
independent failure surfaces. In particular, we will wish to note similarities and differences
between these surfaces and those which are more relevant for brittle materials.

If we view the failure cylinder along the hydrostatic axis, we will see a right section of
the cylinder which is the intersection of any equipressure plane with the cylinder. An
equipressure plane is defined to be any plane which is perpendicular to the hydrostatic
axis, and is thus described by the equation:

0, +0,+ 0, = constant. (2.2)

When the constant in equation (2.2) is zero, the equipressure plane passes through the
origin and will be referred to as the deviatoric plane. This nomenclature is suggested by
the fact that any stress point P(g,,d,,d;) in stress space defines a vector OP from the
origin O to the point P. This vector may be resolved into a component ON along the
hydrostatic axis and a component OQ perpendicular to it. The latter component may be
shown [7, p. 17] to have components along the coordinate axes, S,, S,, S5 given by

(5y,8,,83)=(6,~0,,0,—0,,05,—0,)

where
6, =30, +0,+0;)

The components S,, S,, S; of OQ are the principal components of the stress deviator
tensor, therefore it is convenient to refer to the plane in which vector @ lies, as the devi-
atoric plane.

Figure 1 shows two possible cross-sections of the yield surface in the deviatoric plane.
The axes o', o3, 0y are the projections of the coordinate axes on the deviatoric plane.
The cross-sections (or “‘loci”, as they will be referred to henceforth) would fully define a
cylindrical failure surface but would merely define one of an infinite number of equipressure
cross-sections for a more general failure surface. In any case, isotropy requires the threefold
type of symmetry shown in Fig. 1, because an interchange of the arbitrarily numbered
coordinate axes could not influence the failure surface for an isotropic material. Threefold
symmetry requires that the failure locus need only be given in any one of the sixty-degree
sectors I-V1, in Fig. 1, in order for the complete locus to be uniquely specified.
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F1G. 1. Projection on deviatoric plane of cross-section normal to hydrostatic axis.

In the case of ductile metals, it may be argued on the basis of extremely plausible
assumptions [9, 10], that the yield surface must be convex when viewed from outside (i.e.
concave when viewed from the origin). In addition, it has been found experimentally, that
the yield points in tension and compression are essentially equal for mildly annealed
ductile metals. It is readily seen that all convex loci showing threefold symmetry and equal
strength in tension and compression must lie between the two hexagons shown in Fig. 2.

. TRESCA'S
MAX. REDUCED  © Hgiieow
STRESS CRITERION

VON MISES'

3
3:=0I134R

Fi1G. 2. Tresca's and Von Mises’ yield loci matched in tension.

A particularly simple yield locus, which lies between the two hexagons, is the circle shown
in Fig. 2. The inner hexagon represents Tresca’s [11] maximum shear stress criterion of
failure, and the circle represents Von Mises’ [12] criterion*. Experimental points for
ductile metals usually fall between the Tresca and Mises loci, with the latter giving a
slightly better correlation (see Hill [7, p. 21}, (16, 17, 18]).
Although no physical justification has been advanced for adopting the circumscribing
hexagon of Fig. 2, it was recognized as an outer bound, for convex loci, by Ivlev [19], and
* Although we do not wish to trace out the historical development of any failure criterion, it should be

mentioned that in addition to Von Mises, many others have given reasons for adopting the same yield criterion.
These others include Maxwell [13] Huber [14], Hencky [15], Nadai [16].
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its corresponding criterion has been dubbed the “maximum reduced stress criterion” by
Haythornthwaite [20]. It is indicated in Fig. 2 that Tresca’s hexagon departs from Mises’
circle by at most 13-49/, when both criteria predict the same uniaxial tensile strength,
but the maximum deviation can be decreased to 679 if the two criteria are matched at
some other experimentally observable point, as shown in Fig. 3. Similar adjustments can
be made for the circumscribing hexagon.

8:0067R
F1c. 3. Tresca’s and Von Mises’ yield loci matched to minimize 4.

In many problems it is much more convenient to use Tresca’s hexagon (or some other
approximating polygon) than it is to use Von Mises’ circle because the equation of the
latter locus is nonlinear in ¢,, 6,, 65, whereas the equations of the former locus are linear
in each of six sectors of stress space; that is they are “piecewise linear”. We could, if we
wished to, approximate Von Mises’ circle by a regular polygon of any number of sides
with ever increasing accuracy.

Cylindrical failure surfaces have been experimentally confirmed only for ductile metals.
We will therefore turn our attention to a class of failure surfaces, which are applicable to
brittle materials.

3. GENERALIZED PYRAMIDAL FAILURE SURFACES FOR ISOTROPIC
MATERIALS

We now consider a class of materials, which are sensitive to the presence of a hydro-
static pressure field. We also allow for the possibility that failure strength in tension and
compression may be appreciably different. By thus broadening the allowable behavior,
we introduce the possibility of describing the known behavior of brittle metals, rocks,
soils, etc. We still, however, observe the restriction of strict isotropy.

The condition of isotropy requires that any equipressure* cross-section of the failure
surface must show the threefold type of symmetry depicted in Fig. 1. The innermost locus
shown in Fig. 1 is concave in some regions and is therefore not possible for the class of
materials known as stable, work-hardening materials [9]. However, if we are concerned with
Jracture or with the failure of granular media, rather than with plastic flow, there may well
exist materials which are not stable work-hardening in the sense of Drucker [9].

* Recall that an “equipressure cross-section” is defined as a section which is perpendicular to the hydrostatic
axis.
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Different cross-sections of the same failure surface may differ in size and shape depend-
ing upon their distance from the origin.

Because of the wide variety of possible failure surfaces, and the analytic complexities
associated with many of them, it is logical to explore the simplifications which will result
if we approximate a general nonlinear failure surface by an approximating surface which
consists of a set of planes which hug the curved surface to any degree of accuracy desired.
In other words, we can represent the failure surface by a piecewise linear surface, or poly-
hedron.

Piecewise linear yield criteria have been explored in the theory of plasticity by numerous
writers, including Prager [21, 22], Koiter [23], Sanders [24], Hodge [25], Shield and Ziegler
[26], Perrone and Hodge [27], Berman and Hodge [28], and Paul [29]. These writers have
been concerned mainly with work-hardening effects, stress-strain relations, and the general
theory of limit analysis.

In the case of soils [2], rocks [4], and other brittle materials [5] it has often been the
practice to assume a priori that the failure surface is indeed the piecewise linear surface
of Coulomb-Mohr. The Coulomb—Mohr criterion (a special case of the generalized
fracture surfaces under discussion, here) is severely limited in its capacity to represent a
sufficiently wide variety of materials because it has only two adjustable parameters, and
is completely independent of the intermediate principal stress o;. Haythornthwaite’s
generalization of Coulomb-Mohr theory [20] admits an effect of oy, but is restricted to
convex hexagonal pyramids.

Fi1G. 4. Twelve-sided cross section of generalized pyramidal failure surface.

The twelve sided polygon shown shaded in Fig. 4 represents a typical cross-section
(or level curve), on an arbitrary equipressure plane, for a representative piecewise linear
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failure surface. Each of the twelve sides is an intersection of the equipressure plane with
an oblique plane represented by an equation of the form

Ac,+Bo,+Coy = 1. (3.1)

Although there are twelve sides, the thirty-six constants of type A, B, C are not all independ-
ent. It may be seen from Fig. 4 that the cross-section is actually the intersection of two
hexagons each of which is completely defined by any one of its six sides.

In particular, consider the star shaped hexagon with vertices P}, P}, P} on the positive
axis, and vertices Q!, 0}, Q} on the negative axes*. Suppose that P}Q} is the trace of an
oblique plane whose equation is

Ale,+B's,+Cloy = 1. (3.2)

Symmetry requires that the oblique planes corresponding to the sides of ‘*hexagon number
one” are described by the equations shown in Table 1.

TABLE 1. EQUATIONS OF HEXAGONAL PYRAMIDS

Ordering of

Region Side principal Equation Eq. No.
stresses
I PiQ} 6,>06,>03; A'6,+B'6;+Clo; =1 3.2-1
I PlQ} o,>0,>0, Al'o,+B'o,+Cloy=1 322
I POl 6,>0,>0, Alo,+Blo,+Clg, =1 32-3
v PO} o63>0,>0, A'03+B'6,4+Clo, =1 3.2-4
A PiQ} o3>0,>0, Aloy+Blo,+Clo,=1 3.2-§
VI PiQ!} 0, >063>0, A'6,+B'63+Clo, =1 3.2-6

Thus, we see that exactly three constants, A, B', C!, are necessary and sufficient to define
the six sides of the cross-section.

Similar reasoning shows that six constants 42, B2, C? are necessary and sufficient to
define the six planes passing through the convex hexagon P}Q3P%Q%P%Q3. The equations
for this second set of six space planes are found from Table 1, merely by replacing all
superscript ones by superscript twos.

If the cross-section consisted of 6n sides, we would require 3n independent constants
of the form:

AB.C (j=1...n).

The equations for the 6n space planes would be given as in Table 1, with the superscript 1
replaced by j = 1, 2,... n, in succession.

It is apparent from equations (3.2) that each of the six planes passing through “hexagon
number one” intersect at a common point where

6, =6, =03 = 1/(A'+B'+C}). (3.3)

* Note that superscripts refer to a given pyramid, and subscripts refer to a given axis. The hexagon defined
by superscript numeral j will be referred to as ‘““hexagon number ;.
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In other words, the family of planes encloses a six-sided pyramid with a vertex on the
hydrostatic axis.

The same remarks are true for each of the n hexagons which comprise the cross-section
of the general piecewise linear failure surface. Thus, we may say that the generalized
piecewise linear failure surface can be made up by adjoining sets of hexagonal pyramids.
For this reason, we refer to such surfaces as “pyramidal failure surfaces”.

4. THE HEXAGONAL PYRAMID FAILURE SURFACE

The simplest pyramidal failure surface is a single hexagonal pyramid. Although the
Coulomb-Mohr pyramid belongs to this class of surfaces, it is a special case which sup-
presses many of the most interesting features of this class of surfaces because it requires
one of the three disposable constants to be zero.

When all three disposable constants are allowed to assume non-zero values and the
possibility of concavity is admitted, a rich variety of failure surfaces results, and hence a
very wide variety of experimental results can be accommodated by a relatively simple
theory.

Another motive for studying, the hexagonal pyramid failure surfaces arises from the
fact that these pyramids represent, as we have seen, the building blocks from which the
most general piecewise linear isotropic failure criterion can be built up.

The equations of the pyramid are given by equations (3.2), but since we are dealing
with a single pyramid, we will omit the superscripts on the constants A, B, C* in what
follows.

4.1 Space equations in terms of strength parameters

In order to express 4, B, and C in terms of experimentally determinable properties,
let us suppose that the material was observed to fail under stresses S,, S, and S; in uniaxial
compression, uniaxial tension, and pure shear, respectively.

Thus, the state of stress at failure in each case may be represented in the forms:

Compression: ¢, = ¢, = 0; 6y = —8, 4.1)
Tension: o, = §,; 6, =03=0 4.2
Shear: o, = S;; o, =0; a; = —S;. (4.3)

In all the above cases, 6, > o, = a5, hence equation (3.2-1) is the appropriate form to use
in each case, and upon substitution of equations (4.1) and (4.2) into equation (3.2-1), it is
found that

1 1

A=—; C=-—. (44)
S, S
However, upon substitution of equation (4.3) into equation (3.2-1), it is found that
1t 11
A—C=— = —+—. 4.5
5,75, @3

In other terms, the state of pure shear provides no additional information for finding the
constant B, but it does show that, according to this criterion, the failure stress in pure
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shear is related to the failure stress’in pure compression and tension by the formula

S.S
Sy = ——.
* S +S,
It is readily verified that equation (4.6) is precisely the result predicted by Coulomb—Mohr
theory, 8, p. 461].

In order to find the third constant, let us assume that the material was observed to
fail at a stress S, during a test under uniform triaxial tension. In other terms, put

4.6)

6, =0,=063=23, 4.7
into equation (3.2-1) to find
A+B+C=1/§, (4.8)
hence:
BSC=§—:—§,—:+1 =g-m+1 (4.9
where we have used the notation:
q=3S,/S,; m=S./S,. (4.10)

Coulomb-Mohr theory is a special case of this more general theory, wherein only the
maximum and minimum principal stress can occur in the equation of a failure plane. In
other words, the term B is identically zero in Coulomb—Mohr theory (see Table 1). We
thus see from equation (4.9) that Coulomb-Mohr theory predicts failure under pure
hydrostatic tension at a stress S, given by

1 1

1
—=——— lomb—Mobhr). .
5.5 s, {Coulomb-Mohr) 4.11)

4.2 Space equations in terms of pyramid parameters

It may be seen from Fig. 4 that any given line such as P!Q} can be defined by its inter-
sections with two axes in the deviatoric plane. For example, P!} lies on the positive side of
axis o, and Q} lies on the negative side of axis ¢%. The distances OP} and 0Q} fully specify
the line P1Q}. Furthermore, since the space plane through P}Q} passes through a vertex
point ¥, where ¢, = ¢, = 03 = S, the three distances OP}, PQ}, OV = ./3(S}) uniquely
fix the plane in question. Since OP! and 0Q! completely define the base of a hexagonal
pyramid, and \/3(S}) is its altitude, we may speak of these three parameters as ‘“‘pyramidal
parameters”.

It is shown in the Appendix (equations A3, AS) that

— \/6

o= Grs)-ass) @12
= \/6

MR T ER VR “h

We have dropped the superscripts and subscripts in the above equations since all
values of OP;} are equal for a given pyramid, likewise for all values of 0Q5.
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Recalling from equation (4.4) that 4 = 1/S, and —C = 1/§,, it proves desirable to
solve equations (4.12) and (4.13) for 1/S, and 1/S, in the form:

11 /6
= 1 = —— — .
A =1/, 3 S,,+QP) (4.14)
1 /6
C=—-1/§ = 3(37‘5@) (4.15)
Finally, from equation (4.8) we can find
1 11 6 /6
B=——-A4-C=+—+1—2| 4.1
5. A€ 3(Sv+OQ OP) (4.16)

Thus, we obtain the three coefficients 4, B, C of the space plane in terms of the pyramid
parameters 0Q, OP, S,,.

4.3 Limitations on range of constants

The equations of Table 1 predict a variety of failure surfaces, depending upon the
relative values of the ratios g = S,/S,, and m = §,/§,. Let us confine our attention to the
most important case where S, > §,, since most brittle materials are stronger in compression
than they are in tension. Furthermore, let us assume that S, > 0, since we would usually
expect failure in hydrostatic tension rather than hydrostatic compression. It should be
mentioned that S, < 0 is by no means an impossibility. In fact, materials which fail in
accordance with the maximum normal strain (or stress) criterion will have a failure surface
which is the convex hull of two intersecting pyramids, one of which has a negative value
of Sy.

For the sake of brevity, we will now assume that

m=(S/S,) > 1 (4.17)
q=3S5/8,>0 4.18)
Generalizations for other cases are quite straightforward.
It is immediately apparent from equation (4.12) that OP will be a positive quantity
only if
38, > S,; 1e.: g < 3m 4.19)

Thus we see, that as long as we require S, S,, and S, to be positive quantities, it is necessary
for S, to exceed the value S,/3 in order for the failure surface to enclose the origin in stress
space.

From Fig. 4 it may be noted that the failure locus will be convex only if

OP! > OP% = 00! sin 30° = 001(1/2) (4.20)

Upon substitution of equations (4.12, 4.13) into inequality (4.20), it will be seen that con-
vexity requires

q=zm- 2 (4.21)
Similar reasoning shows that convexity requires

0Q! > 0Q% = OP}sin 30° = OPL(1/2)
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or
g<2m-1 4.22)
In short, the yield locus will be convex if, and only if, g lies in the interval
m-2<gq<2m—-1 4.23)

4.4 Failure loci for plane stress

If 6, is set equal to zero in equations (3.2), one obtains the six equations shown in
Table 2.

TABLE 2. EQUATIONS FOR BIAXIAL STATES OF STRESS

Region Equation Slope
S = do,/da,
Ao, +Bo, =1 —A/B =mfm—q-—1)
11 Ao, +Bo, =1 —B/A ={m—q—1)/m
1l Aoy +Coy =1 —c/A =%
1
v BG’2+C0'1=1 —C/B=q+—1_7n‘
A% Bo+Co, =1 —B/C=q+1-m
VI Ao, +Co, =1 —A/C=m

In Table 2, equations (4.4) and (4.9) have been used to express the slope S in terms of
m and gq.

It turns out that there are five characteristic shapes of biaxial failure loci, which are
readily drawn once one knows the general range of the slope S = do,/do, . The five possible
cases are summarized in Table 3. Since the biaxial stress locus must be symmetrical about

TABLE 3. RANGE OF SLOPES FOR BIAXIAL STRESS LOCUS

Range of slope § in region

Case Range of q Remarks
11 1 v
Im<gq Inadmissible*
1 1 1 1
A 2m—1< g <3m -2-—<8S< -1 — <S<— Concavet
m m 2m—1 m
1 1 1
B m<g<2m-—1 -1<S< —— — -<S<1 Convex}
m m m
1 1
C m—l<g<m -—<S<0 — 1<S<w Convext
m m
1 1
D m—-2<g<m-1 0<S<— — —0o<S< -1 Convext
m m
1 1
E g<m=-2 —-<8S - -1<8S<0 Concavet
m m

* Inadmissible by inequality (4.19).
t Inequality (4.23) violated.
 Inequality (4.23) satisfied.
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the line 6, = a,, it is only necessary to record this information in three contiguous sectors
such as I, I11, IV. After drawing the locus in the region ¢, > o, the other half of the curve
is found by reflection about the line of symmetry.

Figures 5 A-E show all possible varieties of biaxial failure loci for the six sided pyramid
with S, > S, > 0;and S, > 0.

CASEA:2m=-1<g<3m CASE B: m<q<2m-I| CASE C: m-l<q<m

COULOMB-MOHR
q=m-|

(c) - /

CASE D:m-2<gsm-I| CASE E:q<m-2

FiG. 5. Showing all possible failure loci for: (a) biaxial stress, (b) confined pressure, (c) cross-section
through deviatoric plane.
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It is of interest to note that the Coulomb-Mohr criterion (shown as a limiting case of
Fig. 5D) predicts a closed biaxial failure locus, whereas the more general criterion of this
Section predicts both open and closed loci, which may be either convex or concave,
depending upon the range of parameters used. It is also of interest that this three-parameter
criterion is capable of describing such a wide variety of material behavior; and that the
effect of the intermediate principal stress can theoretically exert a profound influence on
the shape of the failure surface.

5. KNOWN SPECIAL CASES

Many of the yield and fracture surfaces suggested over the years for various materials
are special cases of the generalized pyramidal surface. Listed below are several of the
known surfaces of this type.

(i) The Coulomb—Mohr surface [30, 31, 32]is a special case of the generalized pyramidal
failure surface, consisting of a single pyramid, each of whose sides is parallel to one of
the coordinate axes. That is, the Coulomb—Mohr surface is completely described by
-equation (3.2) with

B! =0.

(i) The Tresca [11] criterion (see Fig. 2) is a special case of Coulomb—Mohr theory
with the vertex of the pyramid infinitely far from the origin.

(ill) The Coulomb—Mohr criterion with tension cutoffs [5] is a pyramidal yield criterion
wherein the Coulomb-Mohr pyramid is intercepted by a second pyramid (see Fig. 6).

F1G. 6. Coulomb—Mohr criterion with tension cutoff.

This latter pyramid, representing the tension cutoffs, is another special case of the general
hexagonal pyramid wherein two sides (such as Q3P? and PZQ3 in Fig. 4) merge to form
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a triangular cross section. Cowan [33] has suggested tension cutoffs of a slightly different
nature, and Drucker [34] had suggested that no tension was possible (zero cutoffs) for a
particular pyramid which is a generalized Tresca cylinder.

(iv) The maximum normal stress criterion is a special case in which two triangular pyra-
mids, with vertices on opposite sides of the origin intersect to form a cube.

(v) The maximum normal strain criterion of St. Venant [35] is another case where two
triangular pyramids merge to form an oblique parallelepiped; see Fig. 7 taken from
Westergaard [36].

3 S a
5 " 25%

FI1G. 7. Maximum normal strain criterion, union of pyramids VABC and V'A'B'C'. Projection on plane
o3 = 0; numbers indicate values of ¢,/S,, after Westergaard [36].

(vi) The Von Mises [12] criterion (see Fig. 2) is the only widely used failure criterion
for isotropic materials which is not piecewise linear. However, it may be approximated
to any desired degree of accuracy by a regular polygonal cylinder with a large number of
sides. Such a cylinder would also be a pyramidal failure surface, with the vertex of each
pyramid infinitely far from the origin.

(vil) Generalizations of Von Mises and Tresca criteria. The circular cylinder of Von
Mises can be generalized to a circular cone, as discussed by Nadai [1, p. 227] and Drucker
and Prager [37]. A pyramidal approximation to this circular cone was discussed by Drucker
[34] who viewed the pyramid as a generalization of the Tresca criterion. Paraboloidal
generalizations of the Von Mises criterion, were discussed by Nadai [1, p. 227] and Stassi-
D’Alia [38]. Civil Engineering literature on soils and concrete [39,40] abounds in dis-
cussions of the conical and paraboloidal failure surfaces, although not necessarily referred
to as such. Murrell [41] has suggested a paraboloid joined to a triangular pyramid which
forms a maximum tension ‘“‘add-on”, for use with natural rocks.

(viii) Becker’s criterion. Westergaard [36] felt that the weight of evidence, at the time,
favored acceptance of a criterion advanced by Becker [42] for yielding of steels. The
corresponding failure surface is the convex hull of Tresca’s cylinder and St. Venant’s
double pyramid (parallelepiped). This special case of the generalized pyramidal failure
criterion is now of historical interest only, but it did provide the motivation for
Westergaard’s often quoted paper [36].

(ix) Haythornthwaite [20] coined the expression ‘“‘maximum reduced stress criterion”
for the case where the yield surface is a regular hexagonal cylinder which would circumscribe
the Tresca cylinder if both surfaces passed through the points in stress space representing
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pure tension and pure compression. He also pointed out that the maximum reduced
stress cylinder could be generalized into what we have here termed a pyramidal failure
surface in the same way that Tresca’s hexagon is generalized into Coulomb-Mohr’s
pyramid. Haythornthwaite [20] also discussed generalizations of the Coulomb-Mohr and
reduced stress failure criteria which are special cases of the generalized pyramidal failure
criterion.

6. APPLICATIONS TO REAL MATERIALS

In the previous sections it was shown that the generalized pyramidal failure surface is
capable of describing any isotropic material which yields or fractures in accordance with
a macroscopic stress criterion. It was also shown that certain special cases can represent
a wide variety of material behavior patterns with just a few experimental constants. For
example, the hexagonal pyramid needs three parameters; its special case, the Coulomb-
Mohr pyramid, needs only two parameters ; tension cutoffs introduce another parameter,
and so on. The pyramidal criteria will prove to be useful only if the simple (few parameter)
variants are capable of describing real materials.

In the following sections, it will be shown that a great deal of experimental evidence
exists which indicates that the brittle fracture or yielding of a very wide class of materials
can be well described by a pyramidal failure criterion. It will be noted that these materials
are pressure-dependent and generally are influenced by the intermediate principal stress,
at failure.

Only a sampling of the vast literature in this field can be offered here. One example
will be given of experimental results from each of four classes of pressure-dependent
materials. Additional examples and references to experiments are given in [6]. Space does
not permit an adequate discussion of the accuracy and experimental validity of the work
discussed. Nevertheless, it is believed that, on balance, the available evidence clearly
points to the advantages of pyramidal criteria for describing the behavior of materials.

6.1 Brittle metals

The data of Coffin [43], shown in Fig. 8, represents one of the few instances where
experiments have been made in the compression—compression quadrant. If the Coulomb-
Mohr criterion were valid in this quadrant, the fracture curve would consist of two lines,
respectively parallel to the coordinate axes as shown by the dotted lines in Fig. 5D. The
fact is that the experimental points lie on a sloping line, which indicates that a hexagonal
pyramidal fracture locus of the type shown in Fig. 5C might be applicable. The slope of
tire keavy line drawn through the data points is approximately 0-36. For m = 2-04, as
indicated in the fourth quadrant of Fig. 10, we can find the parameter g from the fifth
equation of Table 2, in the form:

g=S+m—1=0364+204—1 = 1-40.

The slope of the pyramidal failure locus in the first quadrant, is given by line 1 of Table 1,
in the form:

S = mfm—g—1) = 2:04/2-04—1-40—1) = — 565.
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FiG. 8. Data of Coffin [43] on gray cast iron fitted by pyramidal criterion with m = 2-04, g = 1-40.

The above value has been used to draw the portion of the fracture locus in the first quadrant.
It is seen that a hexagonal pyramid (with, or without tension cutoffs) describes the major
features of the fracture locus for this Cast Iron under biaxial stress. In order to evaluate
the need for such a generalization of the Coulomb—-Mohr criterion, it is important to know
whether the experimental points, shown in the third quadrant, represent true biaxial
stress states, or if they represent states with three non-zero principal stresses (a possibility
suggested in [5]). This question could theoretically be resolved by finding additional points
in region IV, where 0 > ¢, > g,.

6.2 Soils

The most common test for determining the failure criterion for a granular material is
the confined compression or so-called ‘‘triaxial test”. Although such a test is capable of
ruling out the possibility that the Coulomb-Mohr (or any other hexagonal pyramid)
criterion is applicable, it cannot confirm that such criteria are valid because these tests
only provide two points when projected centrally onto an equipressure plane. More
general tests such as torsion—compression or compression—compression on hollow
cylinders are required to trace out the true locus on a typical equipressure plane. Such
tests, although an improvement on the confined pressure tests are limited because they
are essentially plane stress types of tests. Some recent experiments, where all three principal
stresses were varied independently, indicate that, although the time-honored Coulomb-
Mohr criterion represents a reasonable first approximation for many soils, there is a very
definite influence of intermediate principal stress, which is not accounted for by the
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Coulomb-Mohr criterion. Several previous authors, who have discussed this point, have
suggested that the failure criterion should be expressed in terms of the second, and possibly,
the third, invariant of the stress tensor in order to include such effects. However, in the
experimental data which the author has seen, some of which is presented below, a pyramidal
failure criterion is at least equally, reasonable from a practical viewpoint.

Shibata and Karube [44] have modified the standard “triaxial cell” in such a way as
to be able to independently vary the intermediate principal stress. Figure 9 shows their
data, projected centrally from a postulated vertex point, onto an equipressure plane (the
influence of pore water pressure has been subtracted out). It is seen that there must be an

POSSIBLE
couLomB - PYRAMIDAL
MOHR LOCUS SURFACE
SUGGESTED
NONLINEAR
LOCUS 4 *

F1G. 9. Experimental data of Shibata and Karube [44] for normally consolidated clay (effective stresses
shown).

effect of intermediate principal stress since the data points do not lie on the Coulomb—Mohr
locus. Shibata and Karube suggest that the data should be correlated by the dotted curve
shown on the left hand side of the Figure (only half of the symmetric locus is shown). The
" polygon on the right hand side represents an equally acceptable pyramidal type of failure
criterion. Sides such as ED may be interpreted as tension cutoffs (possibly pressure-
dependent cutoffs) which intercept a hexagonal pyramid.

6.3 Dry granular media

Lenoe [45] constructed apparatus for independently varying any one of the three
principal stresses acting on a granular sample, and has used it to find the failure criterion
for a mixture of sand, silt, and gravel. He concludes that the intermediate principal stress
plays a significant role in the failure criterion and suggests that his data can be correlated
by a failure criterion of the form J, = 160+0223 J; or J, = 21-5+ 00535 J,, where J,,
J,,J5 are the first three variants of the stress tensor.

However, it is hardly necessary to resort to nonlinear criteria because the data can be
satisfactorily correlated by a hexagonal pyramid failure criterion, whote equation is

26,+46,—03 = 0; (6,<, <03)
Lenoe’s data is replotted in Fig. 10, where it may be seen that all points, with the exception

of one (marked point A in Fig. 10) fall within 59/ of the ordinate value predicted by the
above equation.



192

B. PauL

8
~

I
>3

111[||11||||11A[¢

4
04 06 0B 10 12 14 16

18 20

2
%

Oyy
Oxx

F1G. 10. Data of Lenoe [45] on dry cohesionless soil.

6.4 Rocks

In recent years there has been an upsurge of interest in the failure characteristics of
rocks. Space prohibits a detailed discussion of this work, but excellent recent bibliographies,
such as that of Bieniawski [46] are available. A comprehensive view of this field will be
found in the survey by Jaeger [4], and in collections and symposia, such as those edited

by Griggs and Handin [47], and Fairhurst [48].

Numerous experiments on rocks, which are described in the general references men-
tioned above, show the existence of tension cutoffs and imply the possibility of a hexagonal
pyramidal failure surface. A recent example of such experiments is shown in Figs. 11 and 12.
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FiG. 11. Fracture locus of diabase in confined compression plane. Data from Brace [49].
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F1G. 12. Fracture locus of Blair dolomite in confined compression plane. Data from Brace [49).
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The data shown were obtained by Brace [49] in confined compression and confined
tension tests. Figure 11 indicates that a simple hexagonal pyramid with tension cutoffs
would be adequate for the diabase rock tested, over the range of mean pressure tested,
whereas Fig. 12 indicates that the same type of failure surface would be valid, for the
dolomite tested at low mean pressures, but it would be superseded by a Tresca type cylinder
at high mean pressures.

7. CONCLUSIONS

Formulation of failure criteria in terms of simple variants of the generalized pyramidal
failure surface is convenient, flexible, and sufficiently accurate for an extremely wide class
of pressure-dependent materials, including brittle metals, soils, rocks, and dry granular
media. Most of the failure criteria proposed in the past can be interpreted as special cases
of pyramidal criteria. Finally, previously proposed criteria, which are essentially extensions
of Von Mises’ criterion (or other nonlinear criteria involving stress invariants), do not
correlate the known experimental data any better than do simple versions of the pyramidal
criteria, which have the advantage of being piecewise-linear.
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APPENDIX

In order to express the “pyramidal parameters” OP and OQ in terms of material strength parameters §,, S,,
and §,, it is convenient to consider the locus obtained in a “‘confined compression test” in which two of the
principal stresses (say o, and g,) are equal. The plane o, = o, intersects the space pyramid in two straight lines
which emanate from the vertex ¥, as shown in Fig. 13, and pass through the axis of o, at points T'and C which
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Fi6. 13. Locus of “confined compression test™ (¢, = ) corresponding to pyramidal criterion.

are distances OT = §,, and OC = §,. The trace of deviatoric plane is perpendicular to the hydrostatic axis OV,
and intersects the lines ¥ T and VC at the points P and @ (corresponding to points such as P2 and Q2 in Fig. 4),
respectively.

From Fig. 13, it is seen that

OP = OVtan B = /3§, tan B (A
where use has been made of the fact that

OV = /(S2+82+82) = /38,.
In order to find tan f, we note, from triangle TMYV, that
MT  OTsing S, sin o
MV~ OV-0M  J35,—8, cos
Upon noting that cos « = 1/,/3, sin« = ,/(2/3), and using equation (A2), we can write equation (A1) in the form
JoS.S) J6

tan f = (A2)

OP = = A3
38,-8  3/S)-{1/8) A3
In a similar fashion, we find that
tany=E= OC sina _ S.sina (A4)
NV  OV+ON  J3(S)+S.cosa
6(S, 6
00 = OViany = YOS _ (AS)

35,+8,  (3/S)+(1/S,)

{Received 7 February 1967 ; revised 1 June 1967)

Abcrpaxt—O6061ueHHOE YCIIOBHE PAa3PYLICHUS B BUIE MMPAMMALI ABISETCH OYEHD TIPHIOMHBIM JUTS OIIHCA-
HHA HAaNpPSOKEHHOTO COCTOSIHHS, TOJ BJIMSHHEM KOTOPOrO M3OTDONHBIE MaTepHansl OGynyT NpOSBIATH
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TeYEeHHE TIPH XpynkoM u3nome. OOl BUA YCIIOBHA OMEHB YAOOHBIN /i1 BECHMA CIIOXKHBIX MaTepHa JIOB,
HO MNPEANOJAraercs, 4YTo OONBUIMHCTBO MATEPHAJIOB MOXET ObITH OIMHCAHO PABHOZHAYHO MPOCTHIMH
BapHaHTaMH 3TOro obuiero yciosus. Oxa3biBaeTcs HalpUMEpP, YTO YCIOBHE B BHAE IeKCaroHalbHOM
MAPAMKIBI, KaK COELHANBLHBA Cilyyali Gosiee obluero ycmosus B BHAE NMHPAMHIbI, ABIAETCH IIPHTOAHBIM
VIS OITMCAHKA ITOBEAEHHA OMEHb LIMPOKOTO KPYra MATEPHAJIOB, HCIOJb3YS TOJNBKO TPH INapaMeTphl,
KOTODbIE BBITEKAIOT U3 ombita. [IPUBONKTCH PUMEHEHHE YCIIOBHS B BHAEC MHPAMHObI K ACHCTBHTEIBHBIM
MaTepPHAJIOM Ha OCHOBE 0630pa JKCIIEpUMEHTAJIBHLIX PE3yJIbTATOB, NPOBEAEHHBIX HAa XPYNKHX METALIax,
6eToHax, HATYPHBIX FOPHBIX MIOPOJAX, MATEPHANIAX U TPYHTAX.



